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In this paper we prove two heat kernel upper bound estimates. One is for general
submanifolds in a space form, where the estimate involves the length of the mean
curvature vector. The other is about a type of minimal submanifold in a rank one
symmetric space of irreducible type. This latter result generalizes various earlier
results of a similar nature.  1999 Academic Press
0. INTRODUCTION
Let (Mn, g) be an n-dimensional Riemannian manifold with metric g.
One may define the Laplace operator 2g associated to the metric g. Let
D/M be a compact domain and consider the heat equation
gyu( y, t)=\2g& t+ u( y, t)=0
on D. Let H(x, y, t) and K(x, y, t), denote the heat kernels for the Dirichlet
and the Neumann boundary conditions respectively. They possess the
properties:
(1) gy H(x, y, t)=gyK(x, y, t)=0 for all x, y # D and t # [0, ),
(2) H(x, y, 0)=K(x, y, 0)=$x , for x # D,
(3) H(x, z, t)=0, for all z # D,
(4) (K&z)(x, z, t)=0, for all z # D,
where &z stands for differentiation in the z variable in the outward
normal direction to D. The purpose of this paper is to develop some
upper estimates for heat kernels H(x, y, t) and K(x, y, t) and to apply the
estimates to obtain Sobolev inequalities. In particular, we shall find heat
kernel estimates for immersed submanifolds with bounded mean curvature
vector in a CartanHardamard manifold and heat kernel estimates for a
class of minimal submanifolds in rank-1 symmetric spaces. To be more
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specific, we let (Mn, g) be an immersed submanifold in (N n+l, h), l>1.
Given a point x # M, let r( y)=rx( y) denote the intrinsic distance function
determined by the metric h, and Bx(r)=[ y # M | dx( y)<r] denote the ball
centered at x with extrinsic radius r. Let H(x, y, t) and K(x, y, t) denote
the Dirichlet and Neumann heat kernels defined on Bx(a)/Mn, respec-
tively.
Theorem 0.1. Let (Mn, g) be an immersed submanifold in a Cartan
Hardamard manifold (Nn+l, h) with the mean curvature vector H of M and
Ricci curvature RicN satisfying RicN&(n+l&1) k2 and |H|;, for
some nonnegative constants ; and k. For any 1<b< 32 , let a be a number
satisfying one of the following requirements.
(1) amin {n; , _
b(2b&1)
; &
1(3&2b)
, _(n&1)(n+2b&2)2b2 &
1(2&2b)
=
for k=0 and ;>0.
(2)
1
k
tanh ka
n
;
, and
sinh3&2b ka
k(cosh ka+1)2&b

b(b&1)
;
for k>0 and ;>0.
(3) Let a be any positive number for ;=0.
Then
H(x, y, t)C1V&12(Bx(- t )) V&12(By(- t )) exp _k2t&r
2(x, y)
(4+=) t& (0.1)
K(x, y, t)C2V&12(Bx(- t )) V&12(By(- t )) exp _k2t&r
2(x, y)
(4+=) t& (0.2)
for any y # Bx(a) and t # [0, ), where C1 , C2 are constants depending only
on n and = is a positive constant.
By applying a theorem of SteinVaropoulos [V] (see also [L-W],
[SC]), one obtains, for any y # M, the following Sobolev inequality.
Corollary 0.1. Let (M n, g), (N n+l, h) be as in Theorem 0.1. Then
\|By (a) | f |
2n(n&2) dvg+
(n&2)n
C3
a2
Vy(a)2n
exp(C4k2a) |
By (a)
|{f |2
=C5(n, k, a) |
By (a)
|{f |2 (0.3)
for any r>0 and any compactly supported functions f # C o (Bx(r)), where
C3 , C4 are positive constants depending only on n, and Vy(a) denotes the
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volume of the geodesic ball B 0(a) in the space form Mn(&k2) of constant
curvature &k2.
Using a covering argument, we may obtain a Sobolev inequality on
general ball with Ricci curvature RicN of N also bounded from below.
Michael and Simon [M-S] first proved this inequality for the cases M is
a submanifold of Rn+l, and Hoffman and Spruck [H-S] proved it for the
case M is a submanifold of a CartanHardamard manifold Nn+l.
Corollary 0.2. Let (Mn, g), (Nn+l, h) be as in Theorem 0.1 with the
further assumption that RicN &(n+l&1) b2, for some nonnegative con-
stant b. Then
\|Bx (r) | f |
2n(n&2) dvg+
(n&2)n
C7(n, k, a, b) \|Bx (r) |{f |
2+|
Bx(r)
| f |2+
(0.4)
for any r>0 and any compactly supported functions f # C o (Bx(r)), where a
is the positive constant defined in Theorem 0.1.
Furthermore, we may apply the comparison of heat kernels in the proof
of Theorem 0.1 to obtain a comparison on the first eigenvalue and the
lower bound for each eigenvalue of a geodesic ball in Corollary 2.1 and
Corollary 2.2, respectively. To state our second result, we employ the
following definition.
Definition 0.1. Let Mn be an immersed submanifold of a rank-1 sym-
metric space Nn+l, l>1. M n is called a small submanifold of Nn+l if Mn
is one of the following submanifolds.
(1) Mn is a minimal submanifold of N n+l when Nn+l is one of the
simply connected space forms with curvature 0, 1, or &1, i.e., Nn+l=Rn+l,
Sn+l, or Hn+l.
(2) Mn is a complex submanifold of Nn+1 when Nn+l is either a
complex projective space CPn+l, or a complex hyperbolic space CH n+l.
(3) Mn is a hyperkha ler submanifold of N n+l when N n+l is either a
quaternionic projective space HPn+l, or a quaternionic hyperbolic space
HHn+l.
When Mn is a small submanifold of a rank-1 symmetric space N n+l, for
l>1, then Cheng et al. [C-L-Y] and Li and Tian [L-T] proved that the
Dirichlet or Neumann heat kernels of M are bounded from above by the
corresponding heat kernel of Nn when Nn+l=Rn+l, Sn+l, Hn+l, or CPn+l.
We will make use of the argument from [C-L-Y] to get the following theorem.
Theorem 0.2. Let Mn be a small submanifold of a rank-1 symmetric
space (Nn+l, h), let i(N) denote the injectivity radius of (N n+l, h), and let
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H (r( y), t) and K (r( y), t) denote the Dirichlet and Neumann heat kernels
defined on B 0(a)/(N n, h), respectively. Then
(a) if 0<ai(N)2, we have
H(x, y, t)H (r( y), t) (0.5)
for all y # Bx(a) and t # [0, ).
(b) if 0<ai(N), we have
K(x, y, t)K (r( y), t) (0.6)
for all y # Bx(a) and t # [0, ).
(c) if Mn and Nn+l are compact manifolds without boundary, let
(x, y, t) and G (r( y), t) be heat kernels of (M n, g) and (Nn, h), respectively,
and we have
G(x, y, t)G (r( y), t) (0.7)
for all y # M and t # [0, ).
In the second section, we shall apply Theorem 0.2 to obtain a mean
value inequality for a nonnegative subharmonic function on rank-1 a sym-
metric space in Corollary 2.3, some volume comparisons in Corollary 2.4
and 2.5, a sharp comparison for the first eigenvalue in a geodesic ball,
and an estimate for the trace of the heat kernel. Also, we may apply the
method in the first section to recover a heat kernel comparison theorem
proved by Cheeger and Yau [C-Y] and obtain a heat kernel comparison
in Corollary 2.8. To prove our theorems, we shall need the following com-
parison principle from [L, C-Y], and it can also be found in [C-L-Y,
L-T], or in other standard references.
Proposition 0.1. Let M be a compact manifold with M. Suppose
x # M, and if G(x, y, t) and G (x, y, t) are two C 2 functions defined on
M_M_[0, ) with the properties that:
(1) G(x, y, t)0 for all y # M, t # [0, )
(2) G(x, y, 0)=G (x, y, 0)=$p
(3) gy G(x, y, t)=0 and gy G (x, y, t) 0 for all y # M and
t # [0, )
(4) (i) G(x, z, t)=0 and G (x, z, t)0 for all z # M, t # [0, ), or
(ii) (G&z)(x, z, t)=(G &z)(x, z, t)=0 for all z # M and
t # [0, ),
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then
G(x, y, t)G (x, y, t)
for all y # M and t # [0, ).
We shall divide this paper into two sections. In the first section, we shall
prove our key comparison lemma. In the second section, we shall give a
proof of our main results and discuss some consequences of our main
results.
1. LEMMA
Throughout this section, let (Mn, g) be a complete Riemannian
manifold. Given any point x # (Mn, g), let r( y)=rx( y) be a function
defined on M such that
r(x)=0, |{r( y)|1 for all y # M, (1.1)
and we assume throughout the section that there exist two functions
f, s : [0, a]  R,
for some positive number adiameter of M=d(M), such that for r # [0, a],
s(0)=0, s$(0)=0, s$(r)0, (1.2)
f (0)>0, } f $(r)s$(r) }:, (1.3)
f "(r) s$(r)& f $(r) s"(r)0, (1.4)
for some constant :. Using the function r=rx( y), we define a Ricci model
(M n, g) about the origin o # TxM with the rotationally symmetric metric
g =dr2+exp \ 2n&1 |
f
s$
&
s"
s$+ d%2, (1.5)
where d% denotes the area element on geodesic spheres in (M n, g ), such
that
2g s= f. (1.6)
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Let B o(a)/(M n, g ) be a geodesic ball centered at x # M and o # M . We
assume that
*1(B o(a)) f (0)+(1+’(n&1)) f "(0)0, (1.7)
where *1(B o(a)) denotes the first eigenvalue of B o(a) and 0<’1 is a
constant.
Lemma. Assume that (1.1)(1.7) hold and that f and s satisfy the
inequality
0 f (r)2gs(r) (1.8)
for all r # [0, a]. Let H(x, y, t) and H (r, t) be the Dirichlet heat kernels on
Bx(a) and B o(a), respectively, and assume that H (r( y), t)t$x as t  0. Then
H(x, y, t)H (r( y), t)
for all y # Bx(a) and t # [0, ).
Remark 1.1. The transplanted heat kernel H (r( y), t) satisfies that
H (r( y), t)t$x as t  0 when the function r( y) behaves asymptotically as
the intrinsic distance function on M. Also, note that our model may be
singular at one point. We show that one may still follow the argument in
[C-L-Y], [L-T] with a minor modification to prove Lemma 1.1. As in
[C-L-Y], [L-T], we shall need the following proposition.
Proposition 1.1. The heat kernel H (r( y), t) of (M n, g ) satisfies the
differential inequality
H ss0
for all (s, t) # [0, s(a))_[0, ).
Proof. Let us denote (s, t)=(s$)2 H ss . We will first prove that
lim
s  0
(s, t)=0
for all t>0. Since
2g H = f (r) H s+s$2H ss ,
we have
=2g H &
f
s$
H $ (1.9)
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with H $=H r. Observe that because H is rotationally symmetric, H $(0, t)
must vanish for all t>0. A direct computation shows that
lim
s  0
(s(r), t)= lim
r  0
H "(r, t)& lim
r  0
s"(r)
s$(r)
H $(r, t)
= lim
r  0
H "(r, t)& lim
r  0
s$$$H $+s"H "
s"
(r, t)
=0.
This verifies the claim that lims  0 (s, t)=0 for all t>0.
Note that since H (s, 0)=0 for all s # (0, s(a)), (s, 0)=0 for s # (0, s(a)).
We now claim that (s, t)0 for all (s, t) sufficiently close to (0, 0). To see
this, we consider eigenfunction expansion of H (s, t).
2g =
d 2
dr2
+
J$
J
,
where J is the volume element of the metric g . The heat kernel can be
written as
H (x, y, t)= :

i=0
e&*i t,i (x) ,i ( y).
Using the argument in [L], we claim that for any fixed point x # M n and
for each eigenvalue *, there exists a unique eigenfunction ,* in that
eigenspace E* satisfying ,*>0 with &,*&L2=1 and ,*( y)=,*(rx( y)) is
rotationally symmetric about the point x. Moreover, following the same
argument as in [L], one may show that the subspace perpendicular to ,*
with respect to the L2 inner product is given by the set of functions E 0*=
[ f # E* | f (x)=0]. Hence, we can write
H (rx( y), t)=:
*
e&*t,*(0) ,*(rx( y)).
Equation (1.9) asserts that the function (s(r), t) can be expressed as
(r, t)=:
*
e&*t,*(0) \&*,*& fs$ ,$*+ (r).
Clearly, by the fact that ,*>0, we only need to show that
*,*+
f
s$
,$*0
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for all *. From now on, let us suppress the index * and define
g=*,+
f
s$
,$=*,+ f,s . (1.11)
We will show that g(0)= g$(0)=0 and that
g"(0)=&
*(*f (0)+(1+’(n&1)) f "(0))
(1+’(n&1))(2+’(n&1)) f (0)
,(0).
Note that the rotational symmetry of , implies that ,$(0)=0. Letting r  0
and using l’Hopital’s rule,
lim
r  0
g(r)= lim
r  0 _*,+\
s"
s$
+
J$
J + ,$&
= lim
r  0 _*,+
s"
s$
,$&,"&*,&
= lim
r  0 \
s"
s$
,$&,"+
= lim
r  0 \
s","+s$$$,$
s"
&,"&*,+
=0 (1.12)
as r  0. Hence g(0)=0. Note that the equation
2g ,=,"+
J$
J
,$= &*,
implies that
(1+’(n&1)) ,"(0)=&*,(0). (1.13)
Directly differentiating (1.11) and substituting (1.13) gives
g$(r)=*,$(r)+
f $(r)
s$(r)
,$(r)&
f (r) s"(r)
s$2(r)
,$(r)+
f (r)
s$(r)
,"(r)
=*,$(r)+
f $(r)
s$(r)
,$(r)&
f (r)
s$(r)
g(r). (1.14)
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Hence
g$(0)= lim
r  0 \&
f
s$
g(r)+
=&\ f (0) g$(0)s"(0) +
=&’(n&1) g$(0) (1.15)
and g$(0)=0. Differentiating (1.14) yields
g"(r)=*,"(r)+
f $(r) ,"(r)+ f "(r) ,$(r)
s$(r)
&
f $(r) ,$(r) s"(r)
s$2(r)
&
f $(r) g(r)+ f (r) g$(r)
s$(r)
+
f (r) g(r) s"(r)
s$2(r)
=\*+ f $(r)s$(r) + ,"(r)+
f "(r) ,$(r)
s$(r)
&
f (r) ,$(r) s"(r)
s$2(r)
&
f $(r) g(r)+ f (r) g$(r)
s$(r)
+
f (r) g(r) s"(r)
s$2(r)
.
This implies that
lim
r  0
g"(r)=\*+ f "(0)s"(0) +\&
*
1+’(n&1)+ ,(0)&
f (0)
s"(0)
g"(0).
Hence,
g"(0)=&
*(*f (0)+(1+’(n&1)) f "(0))
(1+’(n&1))(2+’(n&1)) f (0)
,(0). (1.16)
This proves our claim that (s(r), t)0 near (r, t)=(0, 0).
Now,
(s, t)=2g H (r, t)&
f (r)
s$(r)
H $(r, t)
=H "(r, t)&
s"(r)
s$(r)
H $(r, t). (1.17)
When t=0 and s{0, H (s, 0)=0. Hence, H $(s, 0)=H "(s, 0)=0 which
implies that (s, 0)=0. The fact that H is rotationally symmetric and
(M , g ) is a Ricci model in the sense of Cheeger and Yau [C-Y], and they
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proved that H $(r, t)0 for all t>0. For the sake of completeness, we will
give an outline of the argument here. Since
H $=H ss$(r),
it suffices to show that H s0. At the point r=0, we see that
lim
r  0
H s(s(r), t)= lim
r  0
H $(r, t)
s$(r)
= lim
r  0
H "(r, t)
s"(r)
.
However,
lim
r  0

t
H (r, t)= lim
r  0
2g H (r, t)
=lim
r  0
H "(r, t)+ lim
r  0
J$(r)
J(r)
H $(r, t)
=(1+’(n&1)) lim
r  0
H "(r, t).
Also using the semi-group property, we deduce that
(1+’(n&1)) lim
r  0
H "(r, t)= lim
r  0

t
H (r, t)=&2 | |{H |2 \r( y), t2+ dy.
Hence limr  0 H "(r, t)0 and limr  0 H s(s(r), t)0. When r=a, since H
satisfies the Dirichlet boundary condition, H $(a, t)0 and H t(a, t)=0.
Therefore, the heat equation implies that H "(a, t)0 and (1.17) implies
that (a, t)0 for all t>0. We can now conclude that H s(s(r), t)0 by
using the maximum principle because H s satisfies the equations

t
H s=
f $
s$
H s+( f +2s") H ss+s$2H sss . (1.18)
Hence, the function (s, t) satisfies the boundary condition that (s, t)0
on [(s, t) | (0_[0, )) _ ([0, a)_0) _ (a_[0, ))].
On the other hand, differentiating the definition of =s$2H ss with
respect to s yields
s=s$2H sss+2s"H ss
and
ss=s$2H ssss+4s"H sss+2
s$$$
s$
H ss .
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Differentiating  with respect to t, and substituting it into the heat equa-
tion yields
t=\f "& f $s"s$ + H s+(2 f $s$+2s$$$s$) H ss+( fs$2+4s$2s") H sss+s$4H ssss .
Hence
s$2ss+ fs&2( f $s"& f "s$)
1
s$2
&t
= &\f "& f $s"s$ + H s
0. (1.19)
Applying the minimum principle to this parabolic inequality, we conclude
that 0 on [0, s(a))_[0, ).
Now, we are ready to give a proof of Lemma 1.1.
Proof. It suffices to show that the heat kernel H (r( y), t) is a super solu-
tion of the heat equation on Bx(a)_[0, ),
\2g& t+ H (s(r), t)=H s 2gs+H ss |{s|2&H t
 f (r) H s+H ss |{s| 2&H t
2g sH s+H ss s$2&H t
=\2g & t+ H (s(r), t)
=0.
Proposition 0.1 implies that H(x, y, t)H (r( y), t) for all y # Bx(a) and
t # [0, ).
In contrast, we also have similar comparison theorems for Neumann
heat kernels.
Lemma 1.2. Assume that (1.1)(1.8) hold and let K(x, y, t) and
K (r( y), t) be the Neumann heat kernels on Bx(a) and B o(a), respectively, and
assume that K (r( y), t)t$x as t  0. Then
K(x, y, t)K (r( y), t)
for all y # Bx(a) and t # [0, ).
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Proof. Note that Cheeger and Yau’s argument for H s0 in the proof
of Proposition 1.1 is valid to show that K s0. If we let =(s$)2 K ss , once
again we obtain
ts$2ss+ fs&2( f $s"& f "s$)
1
s$2
.
In order to apply the maximum principle to K ss , we need to check that
K ss0 on the boundary of 0ss(a) and 0t<. It is easy to see that
the proof in Proposition 1.1 implies that we only need to discuss the case
when r=a. The Neumann boundary condition implies that K s(s(a), t)#0.
Hence K s attains its maximum on r=a, and the boundary maximum prin-
ciple implies that K ss(s(a), t)0 for t>0. We may apply the maximum
principle to prove the lemma.
2. APPLICATIONS
Throughout the section, let (Mn, g) be an immersed submanifold in
(Nn+l, h), l>1. Given a point x # M, we let r( y)=rx( y) denote the
extrinsic distance function determined by the metric h, and let Bx(r)=
[ y # M | dx( y)<r] denote the ball centered at x with extrinsic radius r.
Proof of Theorem 0.1. Let b be any number satisfying 1<b< 32 . For
k>0, we set s(r)=cosh kr&1+(cosh kr&1)b. It is easy to see that
2g [cosh kr&1+(cosh kr&1)b]
nk2 cosh kr+bk(cosh kr+1)1&b sinh2b&2(nk cosh kr&; sinh kr)
+k sinh kr[b(b&1) k(cosh kr+1)b&2 sinh kr&;
nk2 cosh kr
on any ball Bx(a)/M. Thus, we may set f (r)=nk2 cosh kr and construct
the rotationally symmetric model (M n, g~ ) with g~ given by (1.5), i.e.,
g~ =dr2+exp { 2kn&1 | _
(n&1) cosh kr&b(cosh kr&1)b&1 cosh kr
sinh kr[1+b(cosh kr&1)b&1]
&
b(b&1)(cosh kr&1)b&2 sinh2 kr
sinh kr[1+b(cosh kr&1)b&1] &= d%2.
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For k=0, we set s(r)=r2+r2b, and get
2g(r2+r2b)2n+2br2b&2(n&;r)+r2b&2[2b(2b&1)&2;r3&2b]
2n
on any ball Bx(a)/M. Thus, we may set f (r)=2n and construct the rota-
tionally symmetric model (M n, g~ ) with g~ given by (1.5), i.e.,
g~ =dr2+exp _ 2n&1 |
n&1&b(2b&1) r2b&2
r+br2b&1 & d%2.
It is easy to see that s and f chosen above satisfy (1.1)(1.8). Although the
metric g~ is not smooth only at origin, an argument as in [L-T] shows that
one may define heat kernels H (r( y), t), or K (r( y), t). Remark 1.1 says that
Lemma 1.1 or Lemma 1.3 is still applicable, so we get
H(x, y, t)H (r( y), t) (2.1)
or
K(x, y, t)K (r( y), t) (2.2)
for all y # Bx(a) and t # [0, ). Now, a direct computation shows that the
sectional curvature on B o~ (a)/M is not les than &k2. Therefore, a theorem
in [L-Y] implies that heat kernels H (r( y), t) and K (r( y), t) on B o~ (a)/M
are bounded from above by formulas on the right hand side of (0.1) and
(0.2), respectively. Combining these with (2.1) and (2.2), we prove the
inequalities (0.1) and (0.2).
A consequence of the heat kernel upper estimate is the Sobolev
inequality which was proved by Michael and Simon [M-S] for the case M
in Rn+l, and proved by Hoffman and Spruck [H-S] for the case M in a
CartanHardamard manifold Nn+l.
Proof of Corollary 0.2. Let C6=C6(n, a, b) be a constant such that
Vy(5a)
Vy(a4)
C6 .
For each y # M, we define a cut-off function
,y(z)={1 for z # By(a2),0 for z  By(a),
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such that |{,y(z)|4a for all z # M. For any Bx(r)/M, we may cover it
by the family F=[Byi (a2) | Byi (a)/Bx(r)] such that Byi (a4) & Byj (a4)
=< for any i{ j. For each ball Byi (a2) # F, it is easy to see that it inter-
sects at most [C6]+1 balls in F, where [C6] denotes the greatest integer
less than or equal to C6 . In fact, if A=[Byk (a2) # F | Byk (a2) &
Byi (a2){<], then
:
Byk (a2) # A
V(Byk (3a))V(Byi (4a))V(Byj (5a))C6 V \Byj \a4++
for any Byj (a2) # A. Hence, we have an upper estimate on the number of
elements in A
*A :
Byk (a2) # A
V(Byk (3a)
V(Byj (a4))
C6 .
Applying Corollary 0.1, we have
\|Bx (r) | f |
2n(n&2) dvg+
(n&2)2n
\| Byi (a2) | f |
2n(n&2) dvg+
(n&2)2n
\| Byi (a) |,yi f |
2n(n&2) dvg+
(n&2)2n
\ :Byk (a2) # F |Byi (a) |,yi f |
2n(n&2) dvg+
(n&2)2n
 :
Byk (a2) # F
\|Byi (a) |,yi f |
2n(n&2) dvg+
(n&2)2n
C 125 :
Byk (a2) # F
\|Byi (a) |{(,yi f )|
2 dvg+
12
212C 125 :
Byk (a2) # F
\|Byi (a) |{f |
2 dvg+|
Byi (a)
|{,yi |
2 | f |2 dvg+
12
212C 125 C
12
6 \|Bx (r) |{f |
2 dvg+
16
a2 |Bx (r) | f |
2 dvg+
12
C 127 (n, k, a, b) \|Bx (r) |{f |
2+|
Bx (r)
| f |2+
12
.
This proves Sobolev inequality (0.4).
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Also, one may compare eigenvalues on M with those on model space.
Corollary 2.1. Met M n, Nn+l be as in Theorem 0.1. Define a model
space (M n, g~ ) as in (1.5)(1.7) with
dr2+exp _ 2n&1 |
n&1&b(2b&1) r2b&2
r+br2b&1 & d%2 for k=0
g~ ={dr2+exp { 2kn&1 | _(n&1) cosh kr&b(cosh kr&1)b&1 cosh krsinh kr[1+b(cosh kr&1)b&1]&b(b&1)(cosh kr&1)b&2 sinh2 kr
sinh kr[1+b(cosh kr&1)b&1] &= d%2 for k>0.
Then
*1(Bx(a))* 1(B o(a)),
where B o(a) denotes a geodesic ball in M n.
Proof. Let H(x, y, t) and H (r( y), t) denote the Dirichlet heat kernels
on Bx(a)/M and B o(a)/M , respectively. By the inequality (2.1), we have
H(x, x, t)H (o, t)
which implies that
:

i=1
e&*i t :

i=1
e&* i t. (2.3)
By letting t  , we obtain
*1(Bx(a))* 1(B o(a)).
Corollary 2.2. Let Mn, Nn+l be as in Theorem 0.1. If [* j]j=1 are the
eigenvalues of 2 on Bx(a) with Dirichlet boundary condition, then
*n2j 
4?n2
e
}
j
V(Bx(a))
for all j1.
Proof. By inequality (0.1) together with the eigenfunction expansion of
H(x, x, t), we have
: e&*j tV(Bx(a))(4?t)n2.
Corollary 2.2 is proved by taking t=1*j .
73ON HEAT KERNEL COMPARISON THEOREMS
Proof of Theorem 0.2. We shall set the comparison model space
(M n, g ) to be (Nn, h), and define the functions s and f as
r2 for Rn+l
2(1&cos r) for Sn+l
2(cosh r&1) for Hn+l
s(r)={&2 log cos r for CPn+ltan2 r&4n log cos r for HPn+l2 log cosh r for CH n+l
tanh2 r+4n log cosh r for HH n+l,
and
2n for Rn+l
2n cos r for Sn+l
2n cosh r for Hn+l
f (r)={4n for CPn+l4n(4n+2) for Hn+l4n for CHn+l
4n(4n+2) for HHn+l.
Then, it is easy to check that
2g s(r)= f (r),
for r # [0, a, and (1.1)(1.7). Thus, we may apply Lemma 1.1 or Lemma 1.3
to prove Theorem 0.2.
Following [C-L-Y], [L-T], we obtain some imediate consequences from
Theorem 0.2. We shall follow Cheng et al. [C-L-Y] to state some conse-
quences of Theorem 0.2 which generalize those in [C-L-Y] and we shall
include proofs here for the sake of completeness. The following mean value
inequalities which were proved by Michael and Simon [M-S], Mori [M],
and Cheng et al. for the cases of minimal submanifold M in Rn+l, Snl, and
Hn+l, respectively.
Corollary 2.3. Let Mn, N n+l be as in Theorem 0.2. Suppose f is a non-
negative subharmonic function defined on M. Then
f (x)C&1(n, a) |
Bx (a)
f ( y) dy, (2.4)
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where a is a constant determined in Theorem 0.1,
n|nan&1 for N=Rnl
n|n sinn&1 a for N=Sn+l
n|n sinhn&1 a for N=Hn+l
C(n, a)={2n|2n sin2n&1 a cos a for N=CPn+l4n|4n sin4n&1 a cos3 a for N=HPn+l2n|2n sinh2n&1 a cosh a for N=CHn+l
4n|4n sinh4n&1 a cosh3 a for N=HH n+l
and |n=volume of the unit n-ball in Rn+l.
Proof. Let G(x, y) and G (rx( y)) denote the Green’s functions with
Dirichlet boundary condition on Bx(a) and B o(a)/Nn, respectively. Since
G(x, y)=|

0
H(x, y, t) dt
G (rx( y))=|

0
H (rx( y), t) dt
and H H with both
H (rx( y), t)=H(x, y, t)
=0
for y # Bx(a), we get
G
&y
(x, y)
G
&y
(x, y)
for y # Bx(a). Now,
f (x)= &|
Bx(a)
G(x, y) 2f ( y) dy&|
Bx(a)
G
&y
(x, y) f ( y) dy
 &|
Bx(a)
G
&y
(x, y) f ( y) dy
 &|
Bx(a)
G
&y
(x, y) f ( y) dy
= &|
Bx(a)
G r(r( y))
r
&y
f ( y) dy
 &|
Bx(a)
G r(r( y)) f ( y) dy
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since |{r|1 and G r0. By the fact that G is rotationally symmetric
f (x)&G r(r( y)) |
Bx(a)
f ( y) dy,
and the constant C(n, a) can be obtained by explicit computation of G r .
One may also compare the volume of a ball in M and volume of a ball
in the model space Nn by setting f to be 1 in (2.4).
Corollary 2.4. Let M n, N n+l be as in Theorem 0.2. Then
V(Bx(a))V(B o(a)),
where V(Bx(a)) and V(B o(a)) denote the volumes of Bx(a)/Mn and
B o(a)/N n, respectively.
When M n/N n+l are compacty manifolds, we have
Corollary 2.5. Let Mn, and Nn+l be compact manifolds as in Theorem
0.2(c). Then the volume of M is less than the volume of Nn.
Proof. Since the heat kernel comparison (0.7) holds for all t # [0, ),
we prove our claim by letting t  .
Corollary 2.6. Let M n and Nn+l be compact manifolds as in Theorem
0.2(c). If ai(N)2, then
*1(Bx(a))* 1(B o(a))
and the equality holds if and only if Bx(a)#B o(a).
Proof. By setting the comparison model space (M n, g )=(Nn, h), and
setting the functions s and f to be defined as in the proof of Theorem 0.2,
then the proof of Corollary 2.3 implies that
*1(Bx(a))* 1(B o(a))
and equality holds if and only if
|{gs|2=|{hs|2,
which implies that
|{grx( y)| 2=1
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for all y # Bx(a). Since M n is a small submanifold of the rank-1 symmetric
space Nn+l, and rx( y) is the distance function of Nn+l, we have
Bx(a)#B o(a).
Corollary 2.7. Let M n and Nn+l be compact manifolds as in Theorem
0.2(c). The heat operator e2t on M is of trace class with
Tr e2t=|
M
H(x, x, t) dx
V(M) H (0, t).
In particular, the pointwise trace of the heat kernel must satisfy the estimate
H(x, x, t)(4?t)&d(n) \1+s(n)6 t+O(t2)+
as t  0, where d(n) denotes half of the real dimension of Nn, and s(n)
denotes the scalar curvature of Nn. In particular, the zeta function satisfies
:

j=0
e&*j t(4?t)&d(n) \V(M) \1+s(n)6 ++O(t2)+ ,
and the eigenvalues satisfy the asymptotic estimate
*j (M)\ (2?)
2d(n) j
|2d(n)V(M)+
1d(n)
as j   where |2d(n) is the volume of the unit 2d(n)-ball in R2d(n).
Proof. By Theorem 0.2, the corollary follows from the asymptotic
behavior of H (0, t) (see [B-G-M]).
Remark 2.1. When the Ricci curvature of a complete Riemannian
manifold (Mn, g) is bounded from below by (n&1)k, for some constant k,
Cheeger and Yau [C-Y] proved that the Dirichlet or Neumann heat ker-
nels on a geodesic ball of radius r in Mn are bounded from below by the
corresponding heat kernels on a ball of radius r in Ricci model determined
by the lower bound constant of Ricci curvature. One may also apply
Lemma 1.1 or Lemma 1.3 to recover Cheeger and Yau’s comparison
theorem in [C-Y].
To see this, we fix a point x # Mn let rx( y) denote the distance function
on Mn determined by the metric g, on Mn. Then, we set the model space
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(M n, g ) to be a simply connected space with sectional curvature equal to
k and
r2 for k=0
s(r)={2(1&cos kr) for k>02(cosh kr&1) for k<0,
and
2n for k=0
f (r)={2nk2 cos kr) for k>02nk2 cosh kr for k<0.
Thus, we may recover Cheeger and Yau’s comparison theorem by Lemma 1.1
or by Lemma 1.3.
Remark 2.2. In contrast to the lower estimate of heat kernel, it is easy
to see that we may obtain an upper estimate of the heat kernel with the
inequality (1.8) replaced by
02g s(r) f (r).
Corollary 2.8. Let (Mn, g) be a complete noncompact Riemannian
manifold of nonnegative Ricci curvature with a pole. Then the heat kernel
H(x, y, t) on (Mn, g) satisfies the inequalities
HRn(r( y), t)H(x, y, t)HR_Sn(r( y), t), (2.5)
where HRn(r( y), t) and HR_Sn(r( y), t) denote the heat kernels for Euclidean
space and cylindrical space, respectively.
Proof. Given x # M, let rx( y) denote the geodesic distance from y to x
on M. The curvature and pole assumptions imply that
02r
n&1
r
in the sense of distribution. Thus, we get
22r22n.
By setting s(r)=r2 and f (r)=2 or f (r)=2n, we prove the inequalities (2.5)
by applying Lemma 1.1 and the Remark 2.2.
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